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Abstract: Considered is a generalized Gibbs ensemble of the classical Toda lattice. We
establish that the collision rate ansatz follows from (i) the charge-current susceptibility
matrix is symmetric and (ii) the stretch current is proportional to the momentum, hence
conserved.
ar
X
iv
:2
00
4.
03
80
2v
1 
 [c
on
d-
ma
t.s
tat
-m
ec
h]
  8
 A
pr
 20
20
Introduction. – While the idea of devising a hydrodynamic type theory for integrable
many-body systems has been floating for a while [1, 2], the decisive breakthrough was
accomplished only in 2016 [3, 4]. Integrable systems have an extensive number of con-
served fields (= charges). Thus the notion of thermal equilibrium has to be advanced to
generalized Gibbs ensembles (GGE), which depend on an extensive number of chemical
potentials. Conventional hydrodynamics is based on the propagation of local equilibrium
states. Correspondingly, generalized hydrodynamics (GHD) relies on the propagation of
local GGE states. To obtain a coupled set of hyperbolic conservation laws, one has to
first compute the GGE average of the charges. The crucial next step is to figure out the
GGE averaged charge currents as a functional of the GGE averaged charges. Only then
GHD is a closed set of dynamical equations. In [3, 4] a particular form of this functional
has been proposed and we illustrate the argument directly for the classical Toda lattice,
a chain with a purely exponential interaction potential.
To start, we assume that particles are far apart and the dynamics consists of essentially
isolated two-particle collisions. For the Toda lattice the two-particle phase shift is given
by φ(v, v′) = 2 log |v − v′| referring to a pair of incoming velocities v, v′. A quasiparticle
coincides with a real particle for trajectory segments which have an essentially constant
velocity, see Fig. 1 lower right for a few two-particle collisions. Thus a quasiparticle has
some given velocity except for jumps either to the right or left during an encounter with
another particle, which can also be viewed as delay times of either sign. We now fix a
GGE with some velocity density of quasiparticles, ρp(v). The average charge current is
linked to the effective velocity of a single quasiparticle, which leads to the ansatz
veff(v) = v + 2
∫
R
dv′ log |v − v′|ρp(v′)
(
veff(v′)− veff(v)). (1)
Here the bare velocity of the quasiparticle is denoted by v which, because of collisions, is
modified to an effective velocity veff(v) on a mesoscopic scale. The integral sums over all
collision partners: in a collision with a quasiparticle of velocity v′, the first factor of the
integrand is the jump size and the second factor the number of encounters per unit time.
For the Toda lattice Eq. (1) seems to be a reasonable approximation in case of low
density. But the authors of [3, 4] assert the much stronger claim that the ansatz (1) is
valid at any particle density, even in the regime of strong interactions. An illustration
is provided in Fig. 1, which displays the motion of 16 Toda particles in a periodic box
at density 0.8 in units of the decay length of the exponential interaction. The segments
of the quasiparticle trajectory are colored in red. One notes well isolated two-particle
encounters, but there are also more intricate multi-particle collisions with considerable
arbitrariness in the precise choice of the quasiparticle trajectory. In [5] the ansatz has
been checked numerically for a set of four distinct GGE parameters over the entire range
of velocities. The agreement with (1) is extremely convincing and there is little doubt
that for the classical Toda lattice the ansatz is valid with no exceptions. Still, from a
theoretical perspective wanted would be an analytical argument, which is the goal of this
letter.
For a system of hard rods the analogue of the ansatz has been stated in [6], being
proved much later [7]. As major simplification, the hard rod two-particle phase shift
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Figure 1: In blue the trajectories of 16 Toda particles in a periodic box at density 0.8.
One choice of the quasiparticle trajectory starting at the position of the 9-th particle is
shown in red. For comparison the trajectory of the 9-th particle is displayed in purple.
is independent of the incoming velocities. Also the collision time is zero and thus the
quasiparticle picture is exact. Related results have been recently obtained for the box-ball
model [8,9], which is a space-time discrete dynamical system and has some similarity to a
mixture of hard rods with arbitrary integer rod length. On the quantum side substantial
progress is reported for the spin-1
2
XXZ chain [10–12]. For more details I refer to the
recent lecture notes [13], which present a well accessible introduction to GHD, including
a long list of references on the topic.
Conserved charges and their currents. – The Toda lattice is an anharmonic chain,
for which the interaction potential is specified to be exponential. The corresponding
hamiltonian is written as
H =
∑
j∈Z
(
1
2
p2j + e
−rj), rj = qj+1 − qj. (2)
Here qj, pj is position and momentum of the j-th particle. The positional increments,
rj, are called stretches. We consider the infinitely extended lattice and indicate suitably
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finite lattice approximations whenever required. Then the equations of motion read
d
dt
qj = pj,
d
dt
pj = e
−rj−1 − e−rj , j ∈ Z, (3)
which are viewed as a discrete nonlinear wave equation. Let us introduce the Flaschka
variables [14],
aj = e
−rj/2, bj = pj. (4)
In fact the original Flaschka variables carry both a prefactor 1
2
and, in principle, any
common prefactor could be used. However, only with our choice the generalized free
energy has a particularly simple form. The Lax matrix is the tridiagonal real symmetric
matrix with matrix elements
Lj,j = bj, Lj,j+1 = Lj+1,j = aj, (5)
and Li,j = 0 otherwise. For the finite lattice [1, ...., N ], the N eigenvalues of LN are
conserved under the Toda time evolution. However, as functions on phase space they
are non-local [15]. The approriate local version of the n-th charge is given by tr[(LN)
n],
n = 1, 2, ..., which clearly has the density
Q
[n]
j = (L
n)j,j, j ∈ Z. (6)
By expanding the matrix element (Ln)j,j, the density Q
[n]
j depends at most on the variables
{ai, bi, i ∈ [n − j, ..., n + j]}, hence is strictly local. In addition, the stretch is conserved
and has the density
Q
[0]
j = rj. (7)
From the equations of motion, the lattice currents are defined through
d
dt
Q
[n]
j = J
[n]
j − J [n]j+1 (8)
yielding the respective current densities
J
[0]
j = −Q[1]j , J [n]j = 12(LnLoff)j,j, (9)
where Loff denotes the off-diagonal part of L [16].
Generalized hydrodynamics. – We will need a few standard items from generalized
hydrodynamics. A generalized Gibbs state (GGE) of the Toda lattice is characterized by
the pressure P > 0 and the chemical potential V (w), which one should think of as a finite
polynomial with lim|w|→∞ V (w) = ∞. For the finite volume [1, ..., N ] and free boundary
conditions, (LN)1,N = 0 = (LN)N,1, the GGE in the variables of (4) is defined through
the probability density
1
Ztoda(N,P, V )
N∏
j=1
dbj
N−1∏
j=1
daj
2
aj
(aj)
2P e−tr[V (LN )], bj ∈ R, aj ∈ R+, (10)
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with the normalizing partition function Ztoda(N,P, V ). The Boltzmann weight is the
exponential of
tr[V (LN)] =
n¯∑
n=1
µntr[(LN)
n]. (11)
Following the rules of statistical mechanics, the n-th charge is controlled by the chemical
potential µn. The pressure P is the thermodynamic dual of the stretch. Expectations with
respect to (10) are denoted by 〈·〉N,P,V . The infinite volume measure exists, expectations
being denoted by 〈·〉P,V , and the limit measure has correlations decaying exponentially,
see [16] and Appendix of [17].
The GGE average stretch is given by
lim
N→∞
1
N
N∑
j=1
〈rj〉N,P,V = 〈r0〉P,V = ν (12)
and the GGE average of the n-th charge by
lim
N→∞
1
N
〈tr[(LN)n]〉N,P,V = 〈(Ln)0,0〉P,V =
∫
R
dwρQ(w)w
n, (13)
which defines ρQ. Clearly ρQ(w) is the density of states (DOS) of the Lax matrix. By
construction ρQ(w) ≥ 0 and
∫
R dwρQ(w) = 1. Correspondingly we introduce the GGE
average of the n-th current by
lim
N→∞
1
N
1
2
〈tr[(LN)nLoffN ]〉N,P,V = 12〈(LnLoff)0,0〉P,V =
∫
R
dwρJ(w)w
n, (14)
which defines the current DOS ρJ. Setting n = 0, one concludes that
∫
R dwρJ(w) = 0.
Hence the current DOS has no definite sign.
Note: We use standard notations from GHD. Only the conventional state density, n,
collides with the index n and ρµ is taken instead.
Let us define the integral operator
Tψ(w) = 2
∫
R
dw′ log |w − w′|ψ(w′), w ∈ R. (15)
Then ρµ is the solution of the classical version of the TBA equation,
V (w)− Tρµ(w) + log ρµ(w)− µ = 0, (16)
with µ adjusted such that
∫
R dwρµ(w) = P . The dressing of a function ψ is defined by
ψdr = ψ + Tρµψ
dr, ψdr =
(
1− Tρµ
)−1
ψ. (17)
On the right hand side ρµ is regarded as multiplication operator, (ρµψ)(w) = ρµ(w)ψ(w).
Differentiating TBA with respect to µ one concludes
ρp = (1− ρµT )−1ρµ = ρµ(1− Tρµ)−1[1] = ρµ[1]dr. (18)
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Here [1] stands for the constant function, ψ(w) = 1, and similarly [wn] for the n-th power,
ψ(w) = wn.
As shown in [16,18,19], the charge DOS is given by
ρQ(w) = νρp(w). (19)
A particularly simple example is thermal equilibrium, which corresponds to V (w) = 1
2
βw2.
Then the Lax matrix has statistically independent matrix elements: The diagonal bj’s are
mean zero Gaussian with variance β−1 and the off-diagonal aj’s are χ-distributed with
parameter P , i.e. for the even moments 〈(aj)2n〉 = P (P + 1)...(P + n − 1). In this case
an analytical formula for νρp is available [20, 21]. But for general GGE one has to rely
on numerical simulations, either by directly sampling the Lax matrix or by solving TBA,
see [5] for a few examples.
Assuming the collision rate ansatz, the charge DOS is written as
ρJ(v) = ρp(v)(v
eff(v)− q1) (20)
with veff(v) the solution to (1) and the average momentum q1 = ν
∫
R dwρp(w)w [19]. As
observed in [3, 4], see also Appendix of [5] for the Toda lattice, veff(v) can be rewritten
more concisely as veff = [v]dr/[1]dr. Thus the collision rate ansatz states that
ρJ(v) = ρµ(v)[v]
dr(v)− q1ρp(v) (21)
and it is this identity which has to be established on the basis of the microscopic definition
(14).
Our discussion suggest the following physical picture. In the initial state the DOS of
the Lax matrix and the local stretch are assumed to vary slowly on the microscopic scale
and hence depend on the hydrodynamic spatial scale. Because of the conservation laws
both quantities move then also slowly in time. Eq. (21) provides the local currents as a
functional of the local DOS and stretch. Solving GHD with these currents then tells us
how the local charges change on the hydrodynamic spacetime scale.
Since in thermal equilibrium the random Lax matrix has such a simple structure, one
might be tempted to fully expand the term (LnLoff)0,0 as an n-step random walk and to
insert the path sum on the left of Eq. (14). For the right hand side of (21) one could use
the explicit expression for ρp. This works well for small n, say up to n = 5, and confirms
the ansatz. But for larger n the combinatorics becomes intricate and it seems difficult to
identify any recursive patterns.
Proof of the collision rate ansatz. – We first introduce a convenient shorthand. Con-
sider extensive observables, say Q, Q˜, with strictly local densities Qj, Q˜j, i.e. formally
Q =
∑
j∈ZQj and the same for Q˜. Then the respective susceptibility is denoted by〈
Q; Q˜
〉
P,V
=
∑
j∈Z
(〈
Q0Q˜j
〉
P,V
− 〈Q0〉〈Q˜0〉P,V ). (22)
We also introduce the charge-current susceptibility matrix through
Bm,n =
〈
Q[m]; J [n]
〉
P,V
(23)
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and note the symmetry
Bm,n = Bn,m, m, n = 0, 1, ... . (24)
This symmetry is a very general property of local conservation laws. Required is only
the invariance of the reference state 〈·〉 under space-time translations together with a
clustering of the static two-point function appearing on the right side of (22) [23].
Now let us consider the P -derivative of the average current
∂P
1
2
〈(LnLoff)0,0〉P,V = −B0,n = −Bn,0 = ∂µ1〈Q[n]〉P,V , (25)
according to (24) and since J [0] = −Q[1]. We integrate both sides of (25) in P and note
that the average current vanishes at P = 0. Then, as discussed in [16], the P -integral
on the right hand side accounts for the ramping when mapping to the Dumitriu-Edelman
random matrix [22]. Thus the limit of the right hand side translates to the corresponding
fluctuation covariance of the 1D log gas with a confining potential V and interaction
strength P/N , i.e. in the mean field regime. This problem is discussed in Section 5 of [17]
and we merely have to copy Eq. (5.11) from there with the result
1
2
〈(LnLoff)0,0〉P,V = lim
N→∞
1
N
∫ P
0
du〈tr[LN − q11lN ]tr[(LN)n]〉N,u,V
=
∫
R
dww
(
(1− ρµT )−1ρµ[wn]
)
(w)− q1
∫
R
dwρp(w)w
n, (26)
which is the required identity (21) by noting that (1− ρµT )−1ρµ is a symmetric operator.
Discussion. – Our result is surprising, since only the generic symmetry (24) comes into
action, except for some identities related to the generalized free energy of the Toda chain.
Stepping back from the Toda lattice, and considering the class of integrable many-body
systems, the cornerstone of our argument is the availability of a self-conserved current,
i.e. a current which itself is a locally conserved charge. In this form the generalization to
quantum systems looks doable. Indeed, the symmetry of the charge-current susceptibility
matrix holds in generality. For the Lieb-Liniger δ-Bose gas the particle current is self-
conserved, since it equals the total momentum. As well known, for XXZ spin chain
the energy current is self-conserved. With suitable adaptions the collision rate ansatz
can be directly verified for both models [24]. On the other hand, the integrable spin-1
2
Fermi-Hubbard model has no self-conserved charge [25]. Thus it would be of interest to
understand how our strategy extends to further integrable many-body systems.
The reader might have noticed that our notation switches from the v-argument to the
w-argument. This is not accidental. In the collision rate ansatz (1) we argued on the
basis of low density and v refers to the velocity of quasiparticles. But in our analytical
argument only the spectral density of the Lax matrix appears. Hence w is interpreted
as the parameter of the spectral density, i.e. the Lax DOS. Our argument can also be
read in reverse order. Starting from (25), the formula for the GGE averaged currents is
derived, which in retrospect is then reshuffled into the collision rate ansatz.
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